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Constructing stochastic simulation with the computer tool Fathom™ has become an
important part of an elementary stochastic course for student teachers at our univer-
sity. We developed a three-step-design with a probabilistic part and activities with
the software. Using a schema of the simulation process and different Fathom compe-
tencies we analyzed data from videotapes and semi-structured follow-up interviews.
We sought to elaborate the problem solving process of students working on a simula-
tion task focussing on how the students acquired Fathom and mathematical compe-
tencies. Some conclusions are that the competencies required by the students in dif-
ferent depths and the connection of Fathom objects to mathematical concepts have to
be established in teaching.

INTRODUCTION

Simulation can serve two pedagogical purposes: Simulation can be used as a tool to
solve problems and to make random situations more experiential (Biehler, 1991).
Simulation is a mathematically more elementary method than calculating, so students
can solve problems that are not otherwise solvable for them in a theoretical way. Also
simulation can be used in combination or instead of analytical or combinatorial meth-
ods. We intend to use simulated models as experimental environments to support
meaning construction in stochastic situations with various concepts like probability,
event, random variable, or expected value. Another purpose for using simulation is to
build up probabilistic intuitions.

At our university the tool-software Fathom is continuously used to support the learn-
ing and working processes in an elementary stochastic course for student teachers for
grades 5 to 10 (pupils' ages are 11 to 16 years). The software is introduced and used
for exploratory data analysis and descriptive statistics in the first part of the course.
The students can use the learned software capabilities to analyze simulated data later
on. The second part of the course concerns elementary probability. An important
topic in this part is the simulation of random experiments, like the approach of Ko-
nold (1994) to estimate probabilities through simulation in introductory probability
courses. The simulation in Fathom is introduced in parallel to the concepts of prob-
ability, random variables and events. Random situations are to be modelled mathe-
matically and simulated; both results are to be compared if available.

The software is used as a student tool for actively analyzing data, simulating and
building models as well as for exploring methods and concepts. During the whole
term the students have to work with this software. The students are required to ex-
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press the probability model in mathematical language, as well as using the language
of events and random variables for explicitly expressing assumptions. The same re-
quirements hold for student activities with Fathom. They have to construct a prob-
ability model in Fathom and they are to use the "Fathom-language" for defining
events and random variables. Also, students have to use Fathom as a data analysis
tool and to document their work and results.

THE STUDY

This study is part of a research program concerning teaching experiments with
Fathom in elementary stochastic courses at our university as well as in "standard sto-
chastic courses" at upper secondary levels at several schools (Biehler, 2003). Several
studies aim to explore the relationship between students' stochastic thinking and
knowledge and their simulation activities in Fathom in different ways (Biehler,
2006). Here we present some results of a case study with eight student teachers, who
were asked to solve a simulation task with Fathom in pairs. We videotaped the work-
ing process and communication of the students and captured their computer activities
with a screen capture program. Subsequently we watched the recorded material with
every single student in individual sessions with a "method-mix" of stimulated recall
and half structured interview.

Hypotheses of the study are based on three essential support features of the software
Fathom for constructing simulations. One capability of Fathom allows students to
construct and represent probabilistic models by various random machines. The ran-
dom machines act for different kinds of random experiments. The second capability
is the use of Fathom as a simulation tool itself. Theoretical probabilities can be esti-
mated through relative frequencies and distributions of random variables through
their empirical distributions. And third Fathom offers the possibility to experiment
with the model.

To use Fathom for modeling, simulating and experimenting the students need certain
Fathom competencies. Two questions of our research are therefore: Which Fathom
competencies do students need? And to what extent did the students in our study ac-
quire Fathom competencies to solve a typical task? A second field of research con-
cerns the fact, that simulation with Fathom allows students to solve problems they
would not be able to solve in a theoretical way, because in simulation mathematical
competence is substituted by Fathom competence. Will thereby students more easily
concentrate on probabilistic aspects during their problem solving process? Fathom
reifies the concepts of event and random variable by means of the Fathom-object of a
"measure": A random experiment is represented in Fathom as an attribute whose val-
ues are generated by a random machine (a random command). A “measure” is a func-
tion that can be defined on the results (the attribute values) of a random experiment.
We also have the hypothesis that use of Fathom supports the use of these concepts as
empirical concepts in the modelling context. But a transfer from empirical to theoreti-
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cal terms probably works only with an additional theoretical treatment in the stochas-
tic course (see the Summary and Consequences).

IDEAL WORKING PROCESS FOR SIMULATIONS WITH FATHOM -
STAGES AND DECISIONS

In this section, probabilistic and simulation steps and decisions are described that take
place in a normative task treatment. In a prior didactical analysis of the simulation
capabilities of Fathom, we developed concepts and notions to use the software as a
simulation tool. We illustrate the conceptualized activities first in an abstract way and
second by a concrete task, and also show potential deviations from the ideal pattern
and sources of problems. The following problem analysis is partly based on research
results and on a theoretical analysis (Maxara & Biehler, 2006).

We envisage that students would work on simulation problems in three steps: setting
up a stochastic model of the random situation by using probabilistic concepts, writing
a plan of simulation and realizing the plan in Fathom. These three steps would be
used as a modeling guideline for simulation.

In the first step the students are expected to model the random situation by building
up a model of a real situation - a "model random experiment". They would describe it
in a concrete model, for instance by an urn-model. They would construct the model,
to identify the sample space, the probability distribution, as well as the events and
random variables of interest. In the second step the students would transform the
probabilistic concepts into a simulation plan. They could do this transformation step
by step, perhaps as we exemplify it below.

For students' orientation we developed a four-step-design in two columns: probabilis-
tic concepts and Fathom objects and operations, which correspond to each other in
each step. We call the concrete description of the four stages in Fathom (right col-
umn) the "plan of simulation", built on ideas by Gnanadesikan, Scheaffer et al.
(1987). The pedagogical intentions of the plan of simulation are that students struc-
ture their simulations, reflect about the simulations, and document their simulations.

Step

Probabilistic concepts

Fathom objects & operations

1

Construct the model, the random ex-
periment

Choose type of simulation; define a
(randomly generated) collection, simu-
late the random experiment

Identify events and random variables of
interest (Events and random variables
as bridging concepts)

Express events and random variables as
“measures” of the collection

Repeat the model experiment and col-
lect data on events and random variables

Collect measures and generate a new
collection with values of the measures

Analyze data: relative frequency
(events); empirical distribution (random
variables)

Use Fathom as a data analysis software

Table 1: Four-step-design as a guideline for stochastic modeling
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Our hypothesis is that the simulation plan is a helpful metacognitive tool for students
and that Fathom is supportive of developing fluent simulation competence.

In the first step of the simulation plan one has to choose the type of simulation. We
distinguish three different types of simulation in Fathom: the simultaneous simula-
tion, in which the single experiment corresponds to different columns, the sequential
simulation, in which the single experiment corresponds to different rows, and a simu-
lation as a sampling from an urn (Maxara, 2006).

The four-step-design will be exemplified now on a typical task for the students.
Thereby we demonstrate a perfect realization on the one hand and discuss possible
problems on the other hand.

The problem: Mister Becker has to wear a black suit during his working hours, but he can choose the tie

himself. 7 different ties hang in his wardrobe. Every morning he randomly takes one tie out of the ward-
robe and puts it back in the evening.

1. What is the probability that Mister Becker will wear 5 different ties in his five-day working
week?
2. What is the probability that Mister Becker will wear at least two identical ties in his five-day
working week?
3. How many different ties does Mister Becker wear on average in his five-day working week?
Tasks:
a) Formulate the situation as a compound random experiment and specify the sample space W and
the probabilistic assumptions.
b) Provide a plan of simulation and estimate the unknown probabilities of 1., 2., and 3 with a
Fathom-simulation.
¢) Document your work in a Fathom file.

Stage 1: Defining the random experiment

Perfect realization: On the probabilistic side the students have to make the following
assumptions: each tie has the same probability to be drawn and the samples are sto-
chastically independent. The model could be a sampling from an urn that contains
seven different balls, and five balls are successively sampled with replacement. In
Fathom they have to choose an appropriate type of simulation. In this case this could
be the sequential simulation, or sampling from an urn. We choose the sequential
simulation. There we have to define a collection (e.g. named "week") and an attribute
"tie" with the random machine "randomInteger(1;7)" or "randomPick(1;2;3;4;5;6;7)".
Finally, we have to add five cases to the collection. Fathom is a supportive tool
because it offers different random machines that resemble to concrete models.
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The second problem is the naming of the objects (decisions two and three). The deci-
sions of naming are important as the names of objects are relevant for the interpreta-
tion of results at a later stage.

Stage 2: Events and random variables - defining measures

Perfect realization: In the second step, events and random variables should be identi-
fied and defined. On the probabilistic side they should be verbalized. For this exam-
ple, we can define the two events by El: "Mr. Becker wears five different ties in a
week", E2: "Mr. Becker wears at least two equal ties in a week", and for the expected
value we have to define the random variable X: "Number of different ties in a week".
In Fathom, events and random variables correspond to measures that refer to the col-
lection as a whole. In the collection, we have to designate and define three measures
with adequate formulas: For E1: "five different ties": uniqueValues(tie)=5, for E2:
"least 2 equal ties": umiqueValues(tie) < 4, and for X: "number different ties":
uniqueValues(tie). Fathom is supportive in two respects: the concept of "measure" is
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Figure 2: Defining measures
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distinction of events and random variables before defining measures, and they try to
transform (only) their colloquial verbalization into measures.

Stage 3: Repeating the (compound) experiment - collecting measures

Perfect realization: The model experiment has to be repeated. Thereby we have to
collect data about events and random variables and to decide on the number of repeti-
tions. In Fathom, this corresponds to collecting measures. If you collect measures in
Fathom a new collection of measures is provided with five automatic repetitions.
Now, you have to collect as many measures as you think are adequate for approxi-
mately  estimating [,

probabilities or dis- | e AT

. . . tie five_different_ties |Ieasljfe ual_ties |numl)er,(l'rﬂerem,ties
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. Figure 3: Collecting measures - repeating the simulation
Possible Problems:

One problem field is the decision of the number # of repetitions. Are students reflect-
ing about » or do they always take 1000 repetitions by standard practice?

Stage 4: Data analysis

Perfect realization: The fourth step consists of data analysis. The probabilities that
were asked for in questions one and two can be estimated by the relative frequencies
of the respective event. The expected value can be estimated by the empirical mean of
the random variable. In Fathom, we can use summary tables to calculate the empirical
values by the formulas "columnproportion" for the relative frequencies of the events
and "mean( )" for the mean of the random variable. The graphics (bar chart and histo-
gram) can be used to visualize the data, but also to read off the values by dragging the
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Figure 4: Data analysis in Fathom
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Possible Problems: One source of problem is how to technically find the distribution
and relative frequencies with Fathom. Another type of problem is related to interpret-
ing the computed values. For instance, a mean of 3.78 could be rounded to 4 (ties per
week), showing by this a misunderstanding of means and expected values.

STUDENTS' COMPETENCIES AND DIFFICULTIES DURING THEIR
SIMULATION ACTIVITIES

The students have to have different stochastic and Fathom competencies to cope with
the simulation in Fathom and the possible problems they might encounter. Our work-
ing group distinguished four Fathom competencies: general Fathom competence,
formula competence, simulation competence and strategic and generalizing compe-
tencies (see Keitzer (2006) for a first application of these concepts). The general
Fathom competence contains the knowledge of tools and their basic functionality in
Fathom as well as the handling of the objects on the screen (clear design). The han-
dling of the formula editor and the knowledge of formulas in different contexts were
integrated into formula competencies. The simulation competence describes the com-
petence to transform the random experiment into a Fathom simulation and to give
meaningful naming of objects. The strategic and generalizing competencies catch the
handling and avoidance of errors.

We have used these Fathom competencies and the introduced schema of the simula-
tion procedure to analyze the problem solving activities of the eight students. The
possible problems mentioned in each stage of simulation needed different Fathom
competencies to be handled: Problems of transformation require simulation and for-
mula competence, problems of naming are part of simulation competencies, and
knowledge about formulas is integrated into the formula competence. But not all
problems are only connected with Fathom competencies, they also involve probabil-
istic competencies, reflection and the ability to connect the two sides. Those problems
are for instance, the definition and distinction of events and random variables and the
interpretation of the computed results. Below, we illustrate some exemplary compe-
tencies and difficulties of the students.

Exemplary competencies

All pairs were able to solve the task through a simulation in Fathom and obtained cor-
rect results. Students' competencies were found in all four distinguished Fathom
competencies and also on the probabilistic side.

Simulation competence: To illustrate the simulation competence we look at the fol-
lowing part of transcript.

1 S 1: I shall now, well, we have chosen the sampling simulation.
2 S2: Mmh.

3 S 1: Wehave to put seven ties into the collection.

4 S2: Mmh.

5 S 1: AndthenIwould take a sample ...

6 S2: Mmh.
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7 S1: ...ofsize five.

8 S2: Mmh.

9 S1: Wouldn't I? Because it refers always to one week.
Student 1 explains to the other student what to do next and what the Fathom steps
mean in terms of the random experiment. She has a reflective view on their working
and simulation process and makes up a plan of the following simulation steps.

Formula competence: The following example will show a good formula competence.
Right at the beginning to simulate the random experiment the students have created a
collection with an attribute.

10 S 3: And these are the ties. (Names the attribute "ties")

11 S4: Mmh.

12 S 3: And these are -, how many are in there?

13 S 4: Ofwhat? We have seven ties, haven't we? (Opens the formula editor)
Randomlnteger. (Type the formula)

14 S 3: One comma seven.

The students do not talk about which formula they have to use, one of them stating
the correct formula and the other completing it with the required values. It seems that
they have adapted the random machines as representations of models for random ex-
periments and do not have to think much about an adequate formula.

Stochastic competence: The following example shows students' understanding of the
concept of the law of large numbers. A pair talked about the approximation of the
relative frequencies of the measures to the theoretical probabilities and wrote into
their document: "One can regard the relative frequencies of the measures as an ap-
proximation for the probabilities. The probability that Mister Becker wears five dif-
ferent ties is approximately 16.6%." By this sentence the students show an under-
standing of the estimation aspect, the fact that the simulated result is an approxima-
tion of the theoretical probability and not the probability itself.

Exemplary difficulties

We identified several domains of difficulties during the four stages: difficulties in
transforming the random experiment into a simulation, lacks in formula competence
and difficulties pertaining to the probabilistic part and the connection to the Fathom
simulation. Here are only some examples for the observed difficulties.

Problem: Omitting probabilistic steps After defining the random experiment as a
simulation, students omit the description and distinction of events and random vari-
ables and transform their colloquial verbalization or the task itself into a measure. In
this case the students have created the simulation of the random experiment without
discussion about what events or random variables to define as measures.

32 S 3: And now we should define measures. How do we call the first measures? (She
opens the inspector of the collection). Anyway we have more then one. (Nam-
ing the first measure "E1")
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33 S 4: Mmh. (83 types the formula uniqueValues(tie)=35)
34 S4: Yes?
35 S3: Yes.

The naming of the measure indicates that the students do not think about the mathe-
matical type of object. The reification of event and random variable in Fathom is not
strengthened as intended in the theoretical part of the course. These two concepts are
rather blurred in students’ minds, probably because both of them were defined as
measures. The students use the Fathom-concept of measures as a replacement for the
stochastic concepts of event and random variable in an efficient way. This shows a
need for additional theoretical concept building.

Difficulty: Interpreting the re-

Measures from Collection 1 I Summary Table

sults Difficulties in interpreting B M i Watrscheritiet von 7155 bt e

: fal rue g, r i
simulated results are related to a | [~ Ty _ ) )

. . i s | With a pl_‘obgblllt)_f of 17,1 % Mr. Becker
still unsatisfactory comprehen- | L—nzms uses 5 different ties.
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sion of the difference between
relative frequency and probabil- Figure 5: Exemplary interpretation of a simu-
ity. The simulated relative fre- | lated result

quency of 0,171 is interpreted (at least in the text) as the (definite) probability to use
five different ties per week. Here the students do not clearly distinguish consciously
between those two concepts.

SUMMARY AND CONSEQUENCES

Despite some difficulties, the students of our study were able to simulate these kinds
of stochastic situations in Fathom. They acquired the intended software competence
and accepted the plan of simulation as guidance. We have distinguished four Fathom
competencies that the students should have to simulate such kinds of random experi-
ments. The general Fathom competence was acquired by all students. The other three
competencies were acquired in different depths like the examples illustrate.

The substitution of mathematical competence by simulation competence is not diffi-
cult for the students. But most students do not use this freedom to concentrate on the
probabilistic concepts behind the simulation. The reification of event and random
variable as different kinds of measures did not work as expected. These students do
not distinguish explicitly between events and random variables during their simula-
tion process, but they have a working knowledge about them. The concepts tend to
remain separated in the two worlds, the "World of probability" and the "World of
Fathom". Thus — as an instructional implication of the study — the informal use of
these two concepts should be more deeply and explicitly related to each other in the
course.

As a consequence it looks expedient to put more emphasis on the explanatory aspect
of the simulation plan, so as not to only provide technical help, but also to foster stu-
dents' language, knowledge and reflection to link simulation aspects with probabilis-
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tic concepts. Students should reflect on their simulation activities, about the basic
probabilistic concepts and their relation to the simulation. Another aspect is to sup-
port a closer relation between the "World of probability" and the "World of Fathom"
through more comparisons of simulations and theoretical mathematical solutions.

The conclusions of this paper are also relevant to other countries than Germany in
different aspects, because both the understanding of probability concepts and the
simulation of random experiments are essential in teaching statistics. The use of tech-
nology is an important aspect in teaching and learning statistics. We think that our
modelling guideline for simulation — setting up a stochastic model, writing a plan of
simulation and realizing the plan in Fathom — is adaptable (perhaps with some modi-
fications in relation to the range of random experiments) for other simulation-
software. The general categories of students' competencies and difficulties are also
applicable to other software, thus they could be of general interest to statistics in-
structors and researchers.

REFERENCES

Biehler, R. (1991). Computers in probability education. (In R. Kapadia & M.
Borovenik (Eds.), Chance encounters: Probability in education (pp. 169-212).
Dordrecht.)

Biehler, R. (2003). Interrelated learning and working environments for supporting
the use of computer tools in introductory classes. (Paper presented at the IASE satel-
lite conference on Statistics Education, Berlin.
http://www.stat.auckland.ac.nz/~iase/publications/6/Biehler.pdf)

Biehler, R. (2006). Working Styles and Obstacles: Computer-Supported Collabora-
tive Learning in Statistics. (Paper presented at the ICOTS 7, Salvador da Bahia, Sal-
vador. http://www.stat.auckland.ac.nz/~iase/publications/17/2D2_BIEH.pdf)

Gnanadesikan, M., Schaefffer, R. L. & Swift, J. (1987). The Art and Techniques of
Simulation. (Palo Alto, CA: Dale Seymore.)

Keitzer, C. (2006). Selbstindig-kooperative Bearbeitung von stochastischen
Simulationsaufgaben am Computer - Qualitative Analysen zu Schiilerkompetenzen
und Arbeitsweisen. Diplomarbeit, Universitdt Kassel

Konold, C. (1994). Teaching Probability through Modeling Real Problems. The
Mathematics Teacher, 87(4), 232-235.

Maxara, C. (2006). Einfiihrung in die Stochastische Simulation mit Fathom. Kassel:
Universitit Kassel. http://nbn-resolving.org/urn:nbn:de:hebis:34-2006082514477
Maxara, C. & Biehler, R. (2006). Students' Probabilistic Simulation and Modeling
Competence after a Computer-Intensive Elementary Course in Statistics and Prob-
ability. (Paper presented at the ICoTS 7, Salvador da Bahia, Brazil.
http://www.stat.auckland.ac.nz/~iase/publications/17/7C1_MAXA .pdf)

Fathom Dynamic Statistics™ Software. Emeryville, CA: Key Curriculum Press.

CERME 5 (2007) 771





